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1 Introduction 

We show that the Cauchy problem in R^"*"^: 

(1-1) ^gW^ = 0' ^lt=o = <^0' ^Mt=o = 

has a global solution for alH > if initial data are sufficiently small. Here the curved wave operator is 
□g = g'^^dadp, where we used the convention that repeated upper and lower indices are summed over 
a,/3 = 0, 1,2,3, and = d/dt, di = d/dx^, i = 1,2,3. We assume that g°^^{(t)) are smooth functions 
of (j) such that 5'"^(0)= m"^, where m^'^ = —l^ rn}^ = m?"^ = m^'^ = l and m"^= 0, if a^l3. The result 
holds for vector valued 0, in particular for the principal part of Einstein's equations; 0"^= (7"^— m"^. 
This result was conjectured in |L2j where it was also shown in the spherically symmetric case for 



(1.2) -d'^(l) + c{(t)fl\x(t) = ^, where c(0) = 1. 

In jL2 j there was also a heuristic argument for why the conjecture should be true in general: Consider 

(1.3) = aQ/3 5^ + cubic terms, 

where here we used multiindex notation and the sum is over < |a| < < 2 and 0^/3 are constants. If we 
neglect derivatives tangential to the outgoing Minkowski light cones and cubic terms, that are known 
to decay faster, we get the asymptotic equation for $ = r(/>, introduced by Hdrmander |IIll III21 IH3j : 



(1.4) [dt + dr){dt-dr)<^^r-^A„,n{dt-drr^ {dt-drT^, A^n =\Y. a^pCj'' (bf" , Cj = {-l,Uj). 

|«|='m|, |/3|=n 

Here we have introduced polar coordinates x = ruj, uj G S^. The classical null condition introduced by 
Klainerman |Klj is that Anm = under which Klainerman |K2j and Christodoulou TT proved global 
existence. In |L2j it was observed that the asymptotic equation corresponding to (|1.1|) has global 
solution-*^, contrary to other cases like = (j)t^4' □(/> = (pf, where solutions are known to blow up 
for all small data, see John |Jll IJ2j . However, unlike for the classical null condition, the solution of 
()1.1|) do not behave asymptotically like a solution of a free linear wave equation. 

The method of proof of fL2^ is integration along characteristics so it does not directly generalize to 
the non-symmetric case. However, as observed in |L1| . the method of integration along characteristics 

^In |L-R1| we in general say that 11.311 satisfy the weak null condition, if (11.411 has global solution with some decay. 
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can still be used to obtain sharp decay estimates assuming weaker decay estimates that can be obtained 
from energy estimates for vector fields applied to the solution. This then has to be combined with some 
refined energy estimates that take into account that the characteristic surfaces curve asymptotically, 
since the solution do not decay as much as a solution of a free linear wave equation. 

Recently Alinhac ,A2j generalized the result in |L2j to general data for the special case ()1.2p . 
|A2j combines ideas from |Lll IL2j of how to obtain decay estimates with ideas from |Alj for energy 
estimates with weights. Because the asymptotic behavior is different from that of solutions to a free 
linear wave equation, ,A2 constructs vector fields adapted to the characteristic surfaces at infinity, 
which in spirit is similar to the work of Christodoulou-Klainerman jC-Kj . Since these depend on the 
solution itself, commuting the vector fields with the wave operator leads to a loss of regularity so it has 
to be combined with a smoothing procedure, which leads to long schematic commutator estimates. 

There is however no need to construct vector fields adapted to the geometry at infinity. In fact we 
just use the vector fields for the Minkowski space time. In |L-R3j . for Einstein's equations, we also 
got away with just using the regular vector fields, but only because we got additional control from the 
wave coordinate condition. The observations here will hopefully will lead to a proof that uses less of 
the special structure and applies to a more general class of equations, which is useful in applications. 

As mentioned above the proof involves obtaining sharp decay estimates for low derivatives just 
assuming a weak decay estimate that later will be obtained from energy estimates for higher derivatives. 
The sharp decay estimates uses integration along characteristics as in |LH IL2| IL-R,2| IL-R3j . We adopt 
the energy method with weights of |A2|, depending on the solution of an approximate eikonal equation. 
This is a much easier substitute for energies on characteristic surfaces as I originally planned to use. 
The construction of vector fields adapted to the asymptotic behavior of the characteristic surfaces 
of |A2j is avoided by considering a family of energy and decay estimates for the vector fields of fiat 
Minkowski space time, with different decays for different types of derivatives. We prove the following: 

Theorem 1.1. Suppose that 4>o and cj) are smooth functions such that 0o(a^) = (t^i{x) = 0, when \x\ > 1, 
and let N > 14. Then there is a constant Eq > 0, such that if^^^lKN (II^^"'/'o||l2 + ||5"(/>i||2,2) = e <eo, 
the Cauchy problem has a global solution (p for allt > 0. The solution satisfies the decay estimates 
in Provosition 16'. 1\ with v=\ — c£, for some c>0, and the energy estimates in Provosition \9.1i 

We remark that the result is true also for systems (j) = i^Pi?''' ■,4'm)-, in particular the principal 
quasilinear part of Einstein's equations. We also remark that the assumptions on compact support is 
not needed and we can include decaying data using energy norms with weights as in |L-R2l IL-R3j . 

Let us now give the strategy of the proof and the main ideas. The proof involves getting sharp decay 
estimates for low derivatives assuming weak decay estimates, and energy estimates for high derivatives 
assuming sharp decay estimates for low derivatives. The weak decay estimates can then be obtained 
from energy estimates using a bootstrap or continuity argument that we describe below. Let 



where is a product of |/| of the vector fields, Vlap = Xadp — xpda, S = x'^da that span the tangent 
space of the forward light cone and have good commutators with the wave operator, and da- (Here 
Xj = X*, i > 1, xo = —x^ = —t.) In view of local existence results it suffices to give a bound for E^it), 

^As mentioned in |A3| the method of |A2| use the special structure of 11.21 and is unlikely to work in general. 
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which will be obtained through a continuity argument, see section [TTl Fix < (5< 1. Assuming that 



(1.6) EN{t) <l6Ne^{l + ty, 

for < t < r, which holds for T = 0, we will show that this bound, implies the same bound with 16 
replaced by 8 if e is sufficient small (independently of T). Using Klainerman-Sobolev inequality and 
the assumption of compactly supported data, see sections IIUI 1111 this gives weak decay estimates: 

(1.7) \Z'(l){t,x)\<coe{l + t)''', i/>0, l/l<iV-2. 

These weak decay estimates imply the sharp decay estimates in ProDosition l6.11 as well as the estimates 
for the approximate radial characteristic surfaces in ProDosition l5.ll Lemma [5.21 and Lemma [5. 31 These 
sharp decay estimates for low derivatives are sufficient for the energy estimate in Proposition 19.11 to 
hold and we therefore get back a stronger energy estimate if e > is sufficient small: 

(1.8) EN{t) < SNe'^il + tf"-^^. 

We now give the main ideas for the sharp decay estimates. We will try to mimic the integration 
along characteristic that was done in the radial case in [L2] , by expressing the wave operator in spherical 
coordinates and a null-frame, using the weak decay estimates to control the angular derivatives. The 
discussion below will be a bit technical, but it is useful to get a feeling for how the different kind of 
terms are dealt with since the structure of the argument is the same also for the energy estimates. 

In section [51 we express the inverse of the metric in terms of a nullframe: 

(1.9) = -i(L?L^ + L°Lf) +7"^ 
where 

(1.10) L1 = L'^ - H^^L'^ - 2F^^L" - 2H^^A'^, 

(1.11) = d'^^A'^B'^ + H^^L'^L^ + H^^A'^L'^ + H^^L'^A'^ + H^^A'^B^. 
Here H-- etc. are the components of H°'^ = — m"^ in the Minkowski null frame 

(1.12) L = {l,-oj), L = (l,a;), A,BeS^ d^^A" B^ = 5ab. 
In section El we use (|1.9|) to decompose the wave operator: 

(1.13) |(2L?9« + ^)(rag(/>)-r5,0| < J^rl'^l-^iaVl, dg = ^{dr-dt), 

l<\k\<2 

where £ = 5abH^^ + AH^^ - 2H^^, and d G {L,A,B} are derivatives tangential to the outgoing 
Minkowski light cones, that can be estimated in terms of the vector fields: 

(1.14) (1 + I i - r\)\d<P\ + (1 + t + r)\d<P\ < ^ \Z'cl)\. 

\l\=i 
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Note that when |i — rl > t/2 this together with (|1.7() gives the sufficient et~'^ decay for all derivatives 
but when |t — r| is close to the light cone we are missing one derivative perpendicular to the light cone. 

In section^ we integrate along the flow lines of the vector field 2L"9q,, from |t — r| = t/2, to 

also get an estimate for a derivative perpendicular to the outgoing light cones rdqcf) which yields 



(1.15) (l + t + r)|5</.(t,x)| < C7 sup Y 

+ C j ((1 + T)\\U,ct>{T, ■)\\loo(^d.) + E (1 + ^''^(^' ■)\\l-{d.)) dr, 

|/|<2 

If H = 0, ()1.13|) is the decomposition in radial and spherical coordinates and H1.15() was used in jLlj . 
In section IHTTl we use the weak decay estimates ()1.7|) in ()1.15() to get the sharp decay estimates 

(1.16) \d<l)\ < cieil + \^\<c^e{l + \t-r\)il + t)-\ 

The last inequality follows by integrating the first from r = t+l where (p vanishes. If H1.16() had been 
true also for Z(p it would have been easy, but there is a small loss that requires a delicate analysis. 
With the sharper decay p.l6|l for H{(j)) the decomposition of the wave operator p.l3|l simplifies 

to 



(1.17) 

where p = r + t and 



l^l<2 



(1.18) L^da = {L" - F^^L")5„ = {dt + dr) + H^^idr - dt). 

In section |21 we study the integral curves of the vector field (|1.18() since we will integrate ()1.17|1 . 
Let q = r — t, p = r + t and uj = x/\x\, and introduce the radial characteristics q = q{s, p, u) by 

(1.19) dq/ds = 2H--, when 1 1 - r| < t/2, q = p, when |t-r|>t/2, p = 2s. 
Equivalently let p be the solution of a radial eikonal equation: 

(1.20) L^daP = 0, when |t-r|^t/2, p = r-t, when |t-r|>t/2. 
p behaves roughly like q: 

(I 21) / 1 + t dp ^ / 1 + t yie / 1 + t N.-'^is^ l + \p\ ^ / l + t yie 

+ ~dq-\l + \p\) ' v1 + |pK ~ 1 + ~ + 

This comes from differentiating (|1.2UI) : L2dadqp + 2dqH-- dqp = 0, and multiplying by the integrating 
factor using the estimate H1.16() for H{(j)), as was observed in the spherically symmetric case in |L2j . 
In section we prove the following sharp decay estimates for second derivatives: 



:i.22) |a0|<-^— \d'cp\< 



l + t(l + |p|)^' ' - 1 + t dq {l + \p\y+'' 



dp 



1/ > 0. 
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The first estimate follows from integrating H1.17() along the integral curves of L2 from t = 2|p| using 
()1.7|) . For the proof of the second we note that since [dp, Lf^a] = it follows from (|1.17() (c.f. _L2 ) 



:i.23) 



' — ' ^ Pq \. — ^ T 1 

L^daivdpdqcj)) -rdpDgcj) < ^ " 2^ \dZ </>|, where dp = dg. 



The second estimate in ()1.22|) follows from integrating (|1.23|) using (|1.14|) and (|1.21jl . 

For vector fields we are not quite as lucky and there is a loss in the strong decay estimate: 

(1.24) \Zct>\ < C2e{l + t)-l+^^^(l + \q\)'-'' < ^ ((1 + \q\) + (1 + t^^/- 

In fact, by H1.22() the commutator is 

(1-25) E |5.^V| < C ^ \Z^H\ \d^<p\ < ^ ^ 

\i\<i \i\<i \i\<i 

If we use (|1.17p applied to Z^cp in place of (/> and also commute p~^ through H1.17() . we get an extra 
term due to that L2daPq = —2pqdqH--: 

(1.26) \L^MpdpZ'c^)\ < Y (n-n + '^''^''^0 + TTT^ ^ i^''^'- 

|/|<1 |7|<1 l^l<3 

Since 4> = when p < — 1 we can estimate |Z-f0|/(l + \p\) by the derivative \dpZ^(j)\ we get if we first 
integrate (|1.26j) from t = 2\p\ where we can use (|1.7|1 and (|1.14j) : 

(1.27) M{t) < [ -^M(r)(ir + coe where M(t) = (1 + t) sup (1 + jp])'' V |5pZV| 

Jl '^ + '^ \p\<t/2 

which by a Gronwall type of argument implies that M(t) < co(l + 1)'^^^ from which H1.24() follows. 
For more vector fields there is a problem with the most straightforward approach. We have 

(1.28) pgZVl < IZ^I \d^cf>\ + Y \d'Z^<p\ + Y l^^'^l \d'z'<cf>\. 

I^I<1, \K\ = \I\-1 l^l + l-?^l<l-f|, l^l<l^l, |-ft'|<|/hl 

The first term can be handled as above and the terms in the last are lower order. However the problem 
is the term with \K\ = \I\ — 1 and | J| = 1 which is highest order. Using H1.14() and ()1.24|) 

(1.29) m Y i^^^'^i^n^ E i^^'^i + a+tT-^w- ^ 

1^-1 = 1/1-1 |J| = |/| ^ ' \K\ = \I\-1 

The first sum can be handled as above, however the lack of decay in the last sum cause a problem. The 
estimate (|1.24|) can not be improved to get the needed e(l + t)~^ decay close to the light cone. One 
could use modified vector fields that take into account the bending of the light cones at infinity. The 
modified rotations are defined by {Q(j)){q,p,ui) = i^{<j){q{p, s,uj),2s,u;)), where q{p,s,uj) is as in (|1.19|) . 
This however leads to the loss of regularity encountered by (A2j for the energy estimate. We will 
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take a different approach. We can handle a loss in terms of quantities we have already estimated. 
Therefore we will first estimate d'^Z^cj) in H1.29() before we estimate dZ^cf). In estimating d^Z^<p & 
commutator term of the same form shows up with d'^Z^cj) replaced by d^Z^cj), where \L\ = \K\ — 1, so 
we must first estimate d^Z^cf) and so on until finally we are left with d^^^^^(j). 

In section lHTH we use induction to prove the following sharp decay estimate for higher derivatives: 



:i.3o) m< 



i + t\i+\p\J (1 + 

In fact, the commutator is 

(1.31) \Ugd'^(t)\<C\d(t)\\d^+''4>\ + cY^ \d''^<i)\---\d'''4>\ 

fciH \-ki=n+2, l<kj<n,e>2 

where the first term has sufficient decay since |(9(/)| < cie(l + and the second sum is lower order. 
Finally in section we use induction in k as described above to show that 

(1.32) |a^-'=Z^</>| <Cfc,ie(l + t)-i+'='=.'^(l + |/5|)i-(^-'=)-r i = \I\, k=\K]. 



2 Expressing the metric and the wave operator in the null frame 

We introduce a nullframe for the Minkowski metric, U = {L,L, Si, S2}, where 

(2.1) i>° = l, L' = uj\ L° = l, L' = -uj\ io' = ^, i = 1,2,3, 

\x\ 

and Si and ^2 are two smooth orhtonormal vector fields on the tangent space of the sphere T(5^). 
(We remark that these only exist locally so one has to work in a coordinate chart.) We will raise and 
lower the indices with respect to the Minkowski metric Va = niapV^ , V" = mf^^Vp, m"^ = m^^. 
(Here moo = f^u = 1, i = 1,2,3, rria/j = 0, if a 7^ /?.) We can express a vector field X or the 
corresponding one form in the nullframe 

(2.2) X"^ = X^L"^ + X^L°' + X^A^, X^, = X^La + X^L^ + X'^A^. 

Here and in what follows A, B, C, ... denotes any of the vectors Si, S2, and we used the convention that 
we sum over repeated upper and lower indices; 

(2.3) X^A"" = X^'Sf + X^^S^. 
The components can be calculated from the contractions: 

(2.4) X^ = -ix^, X^ = -^Xl, X^ = Xa, where Xy = X^Y^ = niapX^Y^ = Yx. 

(This follows since L"L„ = -2, L"L„ = L°L„ = 0, L"A„ = L^A^ = 0, and A^^B^ = 6ab-) Recall 
that the inverse of the Minkowski metric m"^ can be expressed in a nullframe 
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where 6ab^°'B^ = S^S^ + 5*2 5*2 • We make a similar decomposition for the biUnear form g°'f^: 

(2.5) = g^^W'V^. 

Here and in what follows U,V,W, ... denotes any vector in U = {L, L, Si, S2}, and we used the conven- 
tion that we sum over repeated upper and lower indices. The components can be calculated in terms 
of the contractions as follows: 

/r, LL 1 LL 1 LL 1 LA ^ LA ^ AB 

(2.6) g-=-giL, g = ^9LL, 9— = ^9LL, 9 = -^9LA, 9' = -^dLA, 9 = 9AB, 

where 

(2.7) 9UV = 9''^U^Vp = g^pU'^V^ , if 9a(5=m^^,mpp.g^'P' 

denotes the lowering of indices with respect to the Minkowski metric and not the inverse of g°^^ . 
Lemma 2.1. Suppose that symmetric. Then 

(2.8) g-f = -i(L?L^ + L"Lf) +7"^ 
where 

(2.9) = g^^'^L^ + i^'^-L^L.L" = -^^ll^" - \9LLL" + 9l''A'', 

(2.10) 7"^ = g^^L^'L'^ + g^^A'^L^ + g^^L'^A^ + g^^A'^B^. 
Proof. Using (|2.2|) and (|2.5|) we can write 

(2.11) 5"^ = g^^L'^L^ + g^^L'^L'^ + g^^L'^L^ + g^^L^'A^ + g^^^A^^L^ + 7"^, 

(2.12) 5"^ = + - g^^L'^L^ + 7"^, 

and the lemma follows from using 1)2. 4() and ()2.6() . 



Let us introduce some further notation 

(2.13) = \{dr- dt) = -^L'^da, dp = ^(3, + dt) = ^L"9„, 
and 

(2.14) d = {dL,ds„ds,}, where = y"9,. 
Lemma 2.2. Suppose that g"^ is a symmetric and bounded. Then 

(2.15) - ^LL^^I < C7|59</)| 



□ 
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and with ti g = Sab9^^ we have 
(2.16) 

Furthermore 
(2.17) 



l<\k\<2 



g'^^dapdfsp + {dgp)L'^daP - d^'^dAP Bbp < {\Hll\ + \Hla\ + \Hab\) \dp\^ 
where H'^^ = g'^^ — m'^^ . 

Proof. (f2T5]) and (ITTTll follow directly from ^i^. By (|2SI) 

(2.18) <7"^9,5/3</> = -LU^dadfs^ + r^dadf^cj). 
Now 

(2.19) -LU'^dadpcP = -L^da{L^dp(f) + {L'^daL'')dp(P. 
Note that if = then 

(2.20) ^^ ujj = ^ {6ij - oji ojj) , so L'di J = Vdi J = 0, A'di J = ^A^ 

Hence LfdaL^ = -LfA^/r = -g^Af^/r and it follows that 

(2.21) -LU^dadp^ = 2LWq + gL'^r-^A''da<p. 
We have 

(2.22) 7"^5„a/3(/' = /^L°L^9^a^0 + 2g^^A''L^do,dp(t> + g^^ A'^B'^do.d^cl) 



-.LL 



L"da{L''dp<P) + 2/^A"a„(L^a/30) + <7^^A°a„(S'3a/30) - g^^'iA^daS'^ 



Since ujjB^ = it follows that 

(2.23) {A^diB^)ujj = -A'B^diUJj = -AjB^^ = -^Sab, di = uJidr + di 

where di is tangential it follows that 



(2.24) 



-5^^(A-5,S^)9;3'A = g^^'^AB -dr4> - g^''{A'diB^)d, 



Since B^ are smooth functions of w it follows that \A^diB^\ <C/r. The lemma therefore follows from 
the above identities. □ 
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3 The vector fields associated with the wave operator, commutators. 



Let Z € 2 be any of the vector fields 

^al3 = -Xad/3 + Xpda, S = tdt + rdr, da, 

where xq = —t and Xj = x*, for i > 1. Let I = (ti, ...lik), where = 1, be an ordered multiindex 
of length |/| = k and let = Z'^ • • • Z''-' denote a product of |/| such derivatives. With a slight 
abuse of notation we will also identify the index set with vector fields, so I = Z means the index / 
corresponding to the vector field Z. Furthermore, by a sum over Ii + I2 = I we mean a sum over all 
possible order preserving partitions of the ordered multiindex / into two ordered multiindices Ii and 
I2, i.e. if / = {Li,...,Lk), then h = {li^, a^) and h = tj^^), where ii,...,ik is any reordering 

of the integers 1, ...,k such that ii < ... < in and in+i < ■■■ < ik and ii, ...,ik. With this convention 
Leibnitz rule becomes Z^{fg) = YjI^+i^=i{Z^^ f){Z^^ g). 

We recall that the family Z possesses special commutation properties: for any vector field Z ^ Z 
[Z, □] = — C^D, where the constant Cz is only different from zero in the case of the scaling vector field 
Cs = 2. Moreover [Z,da] = C^^dp, for some constants C^^. It is easy to show the following identities 

p. _tS - x'Q.Qi _ -x^Qij + tQoi - XiS 

y-^-^) ^* - ^2 _ ^2 ' - ^2 _^2 ' 

and for some smooth functions /^(w); 

(3.2) Ol = — — , OA = -^—^ ' ^ij = -^{^j^Oi - ^i^Oj)- 

Recall that d denotes the tangential derivatives, i.e., dr, where T £ T = {L, Si, S2}. 
Lemma 3.1. For any function (p; 

(3.3) {l+t + r)\d(l)\ + il + \t- r\)\d(j)\ < C 4>\, 

\l\=i 

(3.4) {l+t + r)\d(t)\ <Cr\dq(t>\ + CY, l^^'^l' 

|/|=i 

(3.5) \d'^(j)\ + r-^\d(l)\<-Y . where \d'^<i)\^ = V \dsdT(t)\'^, 

(3.6) ii + \t-r\f\d^cp\<C \Z'<P\- 

\i\<\^\ 

Proof. First we note that ii r + t < 1 then 1)3. 3() holds since the standard derivatives da are included 
in the sum on the right. The inequality for \d(p\ in follows directly from H3.2|) . The inequality 
for \d(j)\ in 1)3. 3(1 follows from ()3.1() . The inequality 1)3. 4|) follows similarly from H3.1|) - ()3.2() . The proof 
of ()3.5() follows immediately from 1)3. 2|) and the inequality \diU)j\ < Cr~^. The inequality ()3.6() follows 
from repeated use of ()3.3|) and the commutator identity [Z,di] = cfda, where are constants. □ 
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Let iJ"'^ = - m"'^ and 

(3.7) = L° - IhllL'' - IhllL'' + F/A", 

(3.8) L^da = (L" - ^i/LLL")9„ = 2dp + ^i/LL^g. 

Lemma 3.2. Lei Dg = g°'f^dadf3, iJ"'^ = g"'^ - m"'^ and suppose that \H\ < 1/4. Then 



(3.9) 



2Lfa„ + -)(ra,(/.)-rn5 



< 



c 



1 + t + r 



|/|<2 



where ti H = S'^^Hj^b- Suppose also that 



(3.10) 
Then 
(3.11) 



|^LLl + |i^LA| + |^AA| + !^LL| < 



1 + |t - r| 
l + t + r 



l+t + r 



l + \t-r\ 



a > 0. 



2L^d^{rdqct>) - rU, 



< 



C 



l + t + r 



l + t + r 



l + \t-r\ 



\I\<2 



Proof. (|3.9() follows from H2.16() using (|3.5() and 



(3.12) 



tr5 = 2 + trF, 2L'id^r = 2-HLL + -HLL- 



(pnT|) follows from and using that 

(3.13) r\L'-d^{LPdpcl,)\ = r|L"L/^a«9^c/>| < E ^ E l^^'*^! ^ TTR^ ^ '^'"^ 



\I 1=1,13=0,1, 2, 3 



1/1<2 



Lemma 3.3. Suppose that H satisfy the assumptions of Lemni.a \S.2\ and 



(3.14) 

Then 
(3.15) 



\dH\ < 



l + t + r 



l + t + r 



l + \t-r\ 



a> 0. 



2L'^d^{rdlct>) + r{dqHLL)dlc^ - rd^Ug, 



< 



C 



l + t + r 



l + t + r \a 



l + \t-r\ 



E i^^'-^i- 

l^l<2 



□ 



Proof. To prove p.lSp we first commute dryDg(j) = dgdytl) + {d-yH'^^)dadp4', use (|2.15p applied to 

(3.16) \id^H"^)dadpcl> - {d^HLL)dl4>\ < \dH\ \dd^\ < \dH\ E \dZ'<P\. 

\i\=i 

Using p.llf) applied to d-ycj) in place of cp now gives 



(3.17) 



2L^dairdqd^<P) + r{d.,HLL)dlc^ - rd.,U 



< 



C 



l + t + r 



l+t + r |a 



1 + t - r 



and contracting with LP , using that it commutes with L2 and dq, gives (|3.15|1 



E \^^'^\- 

l^l<2 

□ 
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Let us now calculate the commutators of vector fields with Og = g'^^dadp = □ + H'^^dadf^: 

(3.18) ZDgiP = ZUiP + Z 

= UZij - CzUi) + H'^'^dadpZij + 2H"'^C^^d^df3'ilj + {ZH'^'^)dadp^l; 

= UgZi, - CzUg^ + CzH'^^d^dp^ + 2H^Pc^z^d^dp^ + {ZH''^)dadpi^ 

and hence with Z = Z + Cz', 

(3.19) DgZxP = ZUg^ - [ZH^'P + 2Ci^H""^ + Cz/?"'^)a„9^^. 
In general we have 

(3.20) DgZ'^P = Z'^gi;+ ^ C/j.'^'^iZ-' H'^^) ^^^sZ''^|;, 

|J|+|ii'|<|/|, |ii'|<|/| 

where Cj^^^ are constants. The same formula holds for usual derivatives da in place of Z even without 
the lower order terms with |J| + \K\ < |/|, but we will need to separate these from the vector fields 
since they will behave better. Let k = {ki, ...kn) be a multindex and = dk^ ■ ■ ■ dk„. Then 

(3.21) □.a'^zV = d'^Z'agi; + ^ C/^'^l {d^Z-^H^^) d^dpd^Z''^. 

\J\ + \K\<\I\,m+n=\i, |n| + |i^|<|k| + |/l 

Moreover 

(3.22) \d'^Z-^H"^{<t))\ <CY^ \d'^^Z^^(t)\ ■ ■ ■ \d'^'Z^'^\. 

miH hmf=m, JiH hJf=J, 

We have the following: 

Lemma 3.4. Suppose that UgCp = and {d'^Z^^cpl < 1, for |n| + \K\ < N -5. Then for |k| + |/| < iV 

we have 

(3.23) \Dgd^Z^^\ < l^^'^l + Idd'^z-^^i 

|n|<|k|, \J\ + \K\<\I\, \K\<\I\ |m| + |n|<|k|, |J| + |i^|<|/| 

// |k| = then only the first sum is present and if \I\ = then only the second sum is present. 

Proof. If \K\ = \I\ in the sum (|3.2H) then \ J\ = 0, |m| > 1 and |n| < |k| so using (|3.22)) we see that 
this term can be bounded by a term of the form in the second sum. On the other hand if |n| = |k| in 
(|3.2H) then [m[ = and \K\ < \I\, and this term can be bounded by a term in the first sum above. 
Finally a term with |n[ < |k| and \K\ < \I\ in 1)3.21(1 can be bounded by a term contained in one of 
the sums above since under the assumptions of the lemma 

(3.24) (</.)! < C ^ |a"z^</.| . 

n|<|m|, |-fC|<|J| 

□ 
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4 Decay estimates for the wave equation on a curved background 

For {t,x) e D = {it,x) G R X R3; t/2 < \x\ < 3t/2}, let Xi{s) G i = 1,2, be the backward 

integral curve 

(4.1) j-Xf = mX.^, s<Q, X,(0) = (t,x) 

of the vector fields (|3.7I) . Let < be the largest number such that X{si) G dD, X{s) G D, s > Sj. 
Let Ti = Ti{t,x) = X^{si). Assuming that \H\ < 1/4 the integral curve will in fact intersect dD. 
The following lemma is a generalization of a lemma in |Lll IL-Kll IL-R2j . 

Lemma 4.1. Suppose that H'^^ = — m"^ satisfies \H\ < 1/16 and either of the following 

(4.2) (1) \\H{t,-)\\L^i^D,)Y^^<l, 
where Dt = {x e B?; t/2 < \x\ < 3t/2}, or 

1 1-1-1/; - rl ^ -\-t-\-r a 

in D, 



(4.3) (2) \Hll\ + \Hla\ + \Haa\ + \Hll\ < 7 ' ^ , 

~ 4 1 -|- r -|- r 



1 + t - r 



w/iere = {{t, x) G R x R^; t/2 < |x| < 3t/2} and a > 0. T/ien /or any a > 0; 
(4.4) {1 +t + r)\dcf){t,x)\<C sup ^ |lZ^</.(r,.)||ioc 



Ti<T<t IJl^Y 



+ C f ((1 + r)||n,0(r, OIIl^CD.) + E + ^)"'^"ll(l + l'?(^' Ol)"^ ^''/'(r, OIlLood^,)) dr, 

•'^^ \I\<2 

where q{t, x) = \x\—t. Here Ti = Ti{t,x), where i = l if condition (1) hold and i = 2 if condition (2) hold, 
is defined as follows. If {t, x) ^ D then Ti = t. If {t, x) & D then Tj is the first time the backward integral 
curve from {t,x) for the vector field Li, in p.Tfl - 1)3. 8(1 . leaves the region D. In general <Ti <t. 

Proof. By 1)3. 4() we only need to show that ip = r dq<j) is bounded by the right hand side. Lemma 13.21 
can be summarized 



(4.5) ^2L2^^ + ^)^|J-ragcP <-—— -±^rY,\Z'<Pl where 
V rJ H-t+r H- r — t 1 ^-^ 

' ' |/|<2 

With the integrating factor 

/■° 

(4.6) Gi{s) = -2-' £i{X,{a))/r{X,{a))da 

J s 

we have along the integral curves ()4.1I) 

(4.7) ^(^(^^(^^^''^^^O = ^«^^^^^((2i?5« + 7)V')(X.(.)) 



h=tr H+Hll-^Hll, 
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It follows from the assumption H4.2|) that < C independently of s and G2 = 0. Hence it follows 
from integrating this from si to that 

(4.8) m,x)\ < |V(X,(si))| + I ((2Lf5, + ^i)^)(X,(5))| ds 

< \Z'<t^{Xi{si))\+ ^\\ag<p{X,{s))\+Y,i^ + t + 'rr'\Z'(t>{X^{s))\ds. 

n ^1 J Si I T\ 



Since t = and dX^/ds = L^, where = 1 - \Hll and L? = 1 - ii^L^ - ^Hll it follows that 
1/2 < I dt/ds\ < 2 and the lemma follows. □ 

Next we define substitutes pi for r — t. Let pi = pi{t, x) be constant along the integral curves of Lj 
and equal to r — t outside a neighborhood of the forward light cone: 

(4.9) L'^daPi = 0, when \t-r\St/2, p^ = r - 1, when \t-r\>t/2 

Note that {ti,Xi) is the first point the backward integral curve intersects |r — 1| = t/2 then \pi{t,x)\ = 
\U — \xi\ \ = ti/2 = Ti{t, x)/2 < t/2, since t is increasing along the forward integral curves. Here Tj was 
defined to be the smallest t along the integral curve with |r — t| < t/2. Hence 

(4.10) \pi{t,x)\=Ti{t,x)/2 <t/2, when |t-|x[|<t/2 
We have 

Lemma 4.2. Suppose that either of the conditions in Lemma \4.1\ hold. Then for v > p, > and any 

a > we have 

(4.11) 

il+t+\x\){l+\p,it,x)\rmt,x)\<C sup (l+rr-^^+^Y^ ||(l+|p.(r,.)|)^(l+k(T,-)|)-'^^'0(T,-)||L= 

n<T<t 



+ C [\l + t)||(1 + |p,(r, WOgcfir, •)IIl-(d.) dr, 



where q{t,x) = \x\ — t. Here i = 1 if condition (1) holds and i = 2 if condition (2) holds. 

Proof. This follows from Lemma [4.1l using that pi{t, x) = Ti{t, x)/2 < t/2 along the integral curves and 
Pi are constant along the integral curves. We also use that J^X^ + r)~-'^~'^+^ dr = C{1 + pi)^~^ . □ 

5 Estimates for the radial characteristics and eikonal equation 

We will use a curved substitute p(t, x), for the distance to the forward light cone r — t. Let p = p(t, x) 
be equal to r — t outside a neighborhood of the forward light cone constant along the integral curves 
of the radial vector field L2 close to the light cone: 

(5.1) L^daP = 0, when |t-r|^t/2, p = r-t, when \t-r\>t/2, 
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where 

(5.2) L°9, = 2dp + ^HLLdg, 

and we think of p = p{q,p,uj) as a function oiq = r — t, p = r + t and uj = x/\x\. We call (|5.1() 
the radial eikonal equation. Alternatively, let ^2('S) be the integral curves of the vector field L2, i.e. 
X2 = L2- Then we can choose the initial conditions when |t — r| = t/2 so that 

(5.3) q = -X2l{s,p,uj), and p = X2L = 2s, 
where 

(5.4) -^X2l = --Hll, when \t-r\<t/2, q = p, when \t-r\>t/2. 
as - 2 

We call these the radial characteristics. 

We now state the main estimate for p assuming some estimates for H^l that will be proven later. 
We will assume that Hn = 0, when r > t + 1 and t > so in fact p = r — t, when r > t + 1. 

Since, as we show below, < dp/dq < 00, p is an invertible function of q for fixed (p, uj), satisfying 
dp/dq = dp/dq, and q is an invertible function of p, satisfying dq/dp = {dp/dq)~^. We have thus 
introduced a change of variables (p, s, w) (qip, s, uj), 2s, uj). Note that multiplication by any function 
of p commutes with L2da and a calculation using that shows that 

(5.5) = -^^a„ and [L^d^,dp]=0, if dp = p-'dg. 

The following lemma was essentially proven in ILII in the spherically symmetric case: 
Proposition 5.1. Let p{t,x) be as in ()5.1|) and suppose that Hn satisfies 

(5-6) |5i?LL| < 7— ^— — , and \Hll\ < cie^^^^'^ 



l+t (i + IpI)'^' ' - ^ l + t 

for some > 0. Then 

and 

Proof. We have 

(5.9) + ^dgHLL dgp = 0. 
Let X{s) be a backward integral curve of the vector fields L2: 

(5.10) ^X" = Lf(X), s<0, X{0) = {t,x) 
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and let S2 < he the largest number such that X{s2) = {t2,X2) satisfies \t2 — \x2\ \ = t2/2. If we 
multiply by the integrating factor 



(5.11) 
we get 
(5.12) 



Gis) 



-{d,HLL){X{T))dT 



Xis)) 



Ms) 



ds \dq 

Integrating this from S2 (where dp/dq = 1) to gives 

dp 



(5.13) 



dq 



{t,x) 



Since p is constant along the integral curves X{s) it follows from (|5.6|1 

'■^ ds cie /■* dt' 



(5.14) 



|G(.2)| < 



cie 



< 



2(1 + \p\r 4 1 + x^is) - (1 + \p\r j,^ i+t'- {1 + \p\) 



< 



cie 



■In 



1 + t 



1 + 



since t = X°, dX^/ds = 1% = !- \Hll > 1/2 and t2 = t2 = 2\p\. This proves K7^ . 
(|5.8j) follows as above from integrating (|5.4j) in the form 



(5.15) 

We can write (|5.9|) as 
(5.16) 



^In l+|g| 
as 



1 \Hll\ ^ cie 



21 + 1^1 - 1 + t 



L^daln\pg\ 



1 



dnHlL- 



(5.17) 



Integrating along the integral curves from the boundary where 1 1 — = t/2 and Pq = 1 gives 

-- dqHLids 

^ H\p\-pI2 

We now give some further estimates for the approximate solution of the eikonal equation: 
Lemma 5.2. Suppose that the assumption of Provosition [^n\ hold and 



(5.18) 



\d''HLL\ < 



C2 e 



1 + t 



dp 



dq 



1 



(1 + |P| 



l+u ■ 



for some > 0. Then with dp = p^ ^dq we have 



(5.19) 



C2e 



1 + t 



1+H 



□ 



15 



Proof. Since [L2da,dp] = we obtain by differentiating ()5.16|1 : 

(5.20) L^d^dpln \ pg\ = -^dpdgHLL 
Hence by (|^?T^ . 

(5.21) md^dpln\p,\\< ""^^ 



(l + t)(l + |p|)i+-- 

Moreover by differentiating ()5.17|) we see that the initial condition on |t — r| = t/2 are (9qln|pg| 
(sign/9 — l/4)dqHLL It therefore follows from integrating 1)5.21(1 from the boundary where t = 2|p|: 



(5-22) |5,lnlp,||<— ^HL^ln 



l + t 



ci e 

+ 



{i + \p\y+-'" i+\p\ ■ (l + ^)(l + |p|)^ 

Since t > 2\p\ in the domain where pg ^ 1, (|5.19() follows from this. □ 
Lemma 5.3. Suppose the assumption of Proposition fOl hold and 

(5.23) \Hll\ + \Hla\ + \Hab\ + \Hll\ + I ^HllI < ''^^^,'1^ 'I'f ' 

(l+t)^~'^2£ 

/or some v" > 0. Then 

(5.24) |9p|<T^ iltiul'I ' a = c^eln\l + t\, 

i- + cr (1 + t)^-^2e 

and 

(5.25) Ig^^p^pp - d^'^dAP dBp\ < 4g ^//'f'r^.T - 

(1 + 1)"^ 

Proof. We have < \dp p\ + Eo<i<j l^ij/'l/ll + 0) where 

(5.26) dpp = -^^dgp, 
and 

(5.27) Lf = -^(OFll) 

Using (|5.23|) and integrating the last equation from t = 2\p\, where ilijp = 0, gives (|5.24() . (Here we 
wrote jQce{l + ty^-^ dt = (l + t)^^-l < e'=^''^|i+*l - 1 and used the inequality e" - 1 < Ce"" a/{l + a).) 
By (tTTTl) 

(5.28) {g'^^d^pdpp - S^'^dAP dBp\ < 2\dgp\ \L^d^p\ + CUHllI + \Hla\ + \Hab\)\M- 
Here 

(5.29) \Lfd^p\ < \L^d^p\ + |(ii7LLL" + F/^-)9«/5| < {\Hll\ + \HLA\)\dp\ 
Hence 

(5.30) \g'^fdapd^p - S^^'dAP dBp\ < {\Hll\ + \HLA\)\dgp\ \dp\ + {\Hll\ + \Hla\ + \HAB\)\dp?. 
These estimates together with (|5.24j) gives also JSISSI)- □ 
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6 The sharp decay estimates for the nonUnear problem 



In this section we start by assuming the weaker decay estimates 



(6.1) 



Z^<i)\ <CQe{l + t) 



— V 



11 < TV -3, 



CqE < 1 



for some < < 1 and some sufficiently large A^. We also assume that is a solution of the nonlinear 
problem with compactly supported data in the set |x[ < 1, which means that 



()6.1|) can be obtained from energy estimates using the Klainerman-Sobolev inequalities. Prom the 
weak decay estimates we will derive stronger decay estimates. The stronger estimates will be derived 
in several steps. Since our metric g"^ = m°^^ + where H'^^ = H'^^{(p) are smooth functions of (p 
vanishing at the origin and by scaling we may assume that (so that holds also for F°^) 



In what follows C will denote universal constants that depend only on the the particular functions 
H°^l^{(j)), but are independent of (/>. Cq will denote a constant that is multiple of cq i.e. Ccq. Constants 
of the form Ck and cj, = Cck depend only on Ck-i and universal constants. The estimates H6.4|) - (|6.6() 
below, were used already in the spherically symmetric case in jLlj . 

Proposition 6.1. Suppose that (j) is a solution of the nonlinear equation for which ()6.1I) and ()6.2() 
hold. Let p = P2 be as in the previous section. Then there are constants ci = Ccq and C2 = Ccq, for 
some universal constant C, independent of (j) if cqE <1/C, such that 





when \x\ > t + 1, and t >0. 



(6.3) 




(6.4) 




(6.5) 




(6.6) 




and 



(6.7) 




Moreover, there are constants c^ depending only on Ck-i such that 






where k 



= Ik|. 
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6.1 The decay of the first order derivatives (j6.4|) and (j6.5|) 

Since by H6.1() condition (1) in Lemma l4. II hold and it follows from H6.1() that the right hand side of 
(|4.4I) is bounded so 

(6.9) \d(l)\ < c'oeil + t)-^ 

The first estimate in ()6.4() follows from integrating this from r = t + 1 where 4> = 0. Hence 



(6.10) 



\dH\ + {l + \q\)-'^\H\ < 



CiE 

1+7' 



it follows that in fact condition (2) in Lemma l4. II also hold. 1)6. 5|) therefore follows from Lemma 14.21 
with n = a = 0. The second estimate in (|6.4() follows from integrating (|6.5|) and using ProDosition l5.ll 
which hold since we just showed that 1)6. 5() hold. 

6.2 The sharp decay estimates for second order derivatives 

The estimate (|6.6|) essentially comes from that dp commutes with L2. Since (|6.inj) hold: 
Lemma 6.2. Suppose that H satisfy (j6.1U|) and let p be as in the previous section. Then 

(jp-i 

(6.11) 2L'ida{rdpdq(t>) - rdpUgcj) < ^ ^ where dp = Pg^dg. 



\I\<2 



and 
(6.12) 



2L^da{rdpi;) - rp-'Ogi; < Cle\^p^/J\ + E l^'^l 



|/|<2 



Proof. Since 2L2 9oP = {dp + HLLdq)p = it follows that 2L2 ^o^^p = —dqEn dqp and 2L2 ^ 
Pq^dqHiL- Hence 

(6.13) 2Lf 9„(r/9-^52(/>) = (2Lf ^^(ra^c/,) + {rdqHLL)d^^4>) 

and 1)6. 11|) follows from 1)3. 15() . 1)6. 12|) follows in the same way. 

It follows from (|?nT|) using and that 
(6.14) 

2 -1+t^' ^' - (l+t)(l + |g|) ^ ' ^' - (1 +t)l+'^-2<:i^(l + |/9|)l+2':i<^ 



□ 



|/|<2 



|/|<3 



If we as in the proof of Lemma l4. II integrate from r = t/2, where t ~ p and [p^ ^rd'^(/}\ < coe{l + \p\y 
we get 

(6.15) |p,-Va>| < c[e{l + |p|)-l-^ 

since we assumed that cqE < 1. 1)6. 6|1 follows from this using Lemma IXD and (jb.lf) . 
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6.3 The decay estimate for one vector field (|6.7|) 

Since Og(l) = we have by ()3.19|) : 

(6.16) \DgZc^\ = I {ZH^^ + 2C^^H^^ + CzH''^)do.dfs^\ < C{\ZcP\ + |</.|) \d^cP\, 
and hence by H6.12|) applied to = Z<f>; 

(6.17) lL-da{rd,Zcl>)\<Cr{\Zcl,\ + \^\)^-^ + c,e\d,Zcl,\ + ^ ^ |Z-^</.|. 

|J|<3 

Hence using (|^ . (|^ . (|^ and we get 

(6.18) L^5jrapZ0) < ^ef-^ + + ^|f^i±M^ + ^ ^ , ^ . 

Since also 

(6.19) |Z<A| + (l + |p|)|5pZ<A| = |Z(/<| + (l + |g|)|5Z(/)|< \Z'^\<e{l + t)-'', when 1 1- r| = t/2, 

|/1<2 

it follows from Lemma 16.31 below that 

(6.20) \Z(f)\{l + \p\)-^ + \dpZ(j)\<c£{l + t)-^+'''{l + \p\)-\ c = 16(4 + c[,) 
The desired inequality ()6.7() follows from this and Lemma 16.41 since (1 + l/o])'^^^ ^ (1 + ty^'^. 
Lemma 6.3. Suppose that for some v > we have 

(6.21) (1 + \p\)\dpip\ + < Co(l + Ip])-"^ when \ t- r\ = t/2 or t + r < 2. 
and 

(6.22) 1^ = 0, when r>t+l and t>0. 
Suppose also that 

(0.23) \L?a4ra,^)\ < 4.(^ + la.^l) + f^^IZ + (.^^.-^'^i,,)..,, - 

Then 

(6.24) IV'KI + l/^l)-^ + |9pV| < ce(l + t)-i+-(l + |p|)-^ c = 16(4 + c[, + 7) 

Proof. If we now introduce the new variables p = t + r = 2s, q = r — t = q{p, s,uj) given by (|5.3jl : 
v{p,s,uj) = v{q,p,Lj). Then 



(6.25) L2dav{q,p,uj) = [dsv{p, s,uj)] 
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It is also easy to see that if we substitute r = {p + q)/2 in the left of then the term with q/2 
in place of r in the left can be bounded by terms of the form already included in the right so with 

tlj{p,s,io) = {Z^ (p)[q{p, s,uj),2s,io) we have 



If we integrate this from the boundary of Z) = {(r, t); t/2 < r < 3t/2} = {{p,p); — 2s/3 < p < 2s/5} 
(since q = p and s = 2>p/2 or s = 5p/2 on the boundary) using the bound (|6.21j) on the boundary we get 



-7e 



(6.27) s (1 + |,9|)- ISpV'l < c'^e £ + la.^j) + + e{l + p)^^(l + 1 pj)" 
For any < a < 1 we have 

(6.28) \^{p,s,uo)-i>{l,s,u:)\< f]dpi^{p, s, uj)\ dp < {I + \p\)'-'' sup {I + \Q\r\dpi;{Q, s,uj)\. 

J p p <g <1 

By dlT^ ^^(1,5,0;) = 0, when s > 1 and by ^^TT^ |^(l,s,a;)| + |5pV(l,s,w)| < c^e for all [si < 1. 
With 

(6.29) M(s) = sup (l + |s|)(l + lpl)n5pV'(/0,s,w)|, where Ds = {p;{s, p,uj) & D}. 
we hence have 

(6.30) M{s)<2c2e[ ] ds' + c'^e + e{l + is|) 

Ji 1 + p I 



7£ 



IfG(s) denotes the integral we hence have (l+|s|)G'(s) = M(s) < 2c'2eG(s)+c^e+e(l+|s|)T"^(l-H />|)-t^ 
and if we multiply by the integrating factor (1 + |s|)~'^'^ we get 

(6.31) d{G{s){l + \s\y)/ds < (1 + \s\y-\c'oe + e{l + |s|)^^). 
If we integrate this from 1 to s we get G{s) < 4(1 + |s|)'^'^, and hence 

(6.32) M{s) < 2-^ce{l + |s|)^". 
We conclude that 

(6.33) 1^1(1 + \p\)-' + l^p^l < ceil + t)-i+-(l + IH)-^ 



□ 



Lemma 6.4. If i' > then 

(6.34) (1 + tni + I ql)'-" < (1 + tr/" + (1 + \q\) 
Proof. The follows from the inequality 

(6.35) a^b^-" <a + b, < u < 1, a > 0, 6 > 0. 



□ 
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6.4 The decay estimates for higher order derivatives 

Let us first prove that: 

Lemma 6.5. For l<k<N — Awe have 

(6.36) l^'^'^I^I^(l + H)'"'"'^(l^)'''''^''^' l^(p) = (l + |p|)-^ |k|=fc, 
if £ is sufficiently small. 

Proof. We will prove the lemma by induction. If /c = 1 we already proved a stronger estimate and 
differentiating the equation Ugcj) = m°'^dadi3(f> + W^^dadpcj) = gives 

(6.37) Ugd'^4> = - Yl d"'H'^^ de,df3d^(j). 

m+k=n, [m[>l 

Hence by (HT^ 

(6.38) \agd''(j)\ < C\d(t>\ Yl \d"'(t>\ + C Yl \d^^ct>\---\d^'ct)\. 

|m| = |n|+l |ki|H hlk^ | = |n|+2, l<|kj | <|n| , £>2 

Using (|6.5|) and (|6.H6|) for |k[ < n = |n| (and the fact that \p\ < t), we hence obtain 
if £ is so small that c„e < 1. By H3.6|) . 1)5. 8|) and 1)6.11) 

(6.40) < C(l + |(?|)-" ^ < c'o£il + \q\)-''il + t)-' < c^,e(l + t)-^+"^^^(l + |/5r"-"'=i^ 

|J|<n+|7| 

The lemma now follows from the following lemma: □ 
Lemma 6.6. Suppose that 

(6.41) Y l^^^nl ^ ^0^(1 + t)""+""^"(l + \p\)-"'' 

\n\=n, \I\<2 



and 

, )(i + \p\y ^ ' 

T/ien 
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Proof. Using p.lip as in the proof of Lemma 14.11 we have 

(6.44) 2\L^dUrdgi^n)\ < rp<,V'n| + , V |^Vn|, 

1 + t + r ^-^ 

l-f|<2 

Using that 

(6.45) |5Vn| < CldgiPn] + C(l + t + r)-^ ^ |ZVn| 

l/l=l 

we have 
(6.46) 



(1 + t)(i + IpI)'^ (1 + t)(i + IpI)"+2'^ Vi+|p|; (i + i)i+;^-nci£ 

Since \L^da I]|nl=n k'^gV'nll < E|n|=n l-^^2 ('^(^gV'n) | , and La^ap = 0, we have 
(6.47) Lja„M„ < , + , „ (l+iy-'^'"' 4^(1 + IpD— 



{l+t){l + \p\)^ (l + t)(l + |/9|)^ Vl + |p|/ (l + t)l+™i£ 

where 

(6.48) M„= 5^ |ra,Vn|(l + IH)"+^ 

n|=n 

Let Cn+i = 2(ci + + 1 + 4nco) and 

1 + t \ -c„+iey(p) 



(6.49) Nr.= Yl \rd,i^n\{l + \p\r 



-V 



, 1 + 

n|=n 



Then 



(6.50) Lja„A.„ < , <<)'^' ,^ (111)-'-'" + *(i + IH)- 



(l + t)(l + |/5|)^Vl + |p|; (l+t)l+^-nci£ ' 

If we integrate along the integral curves of the vector field L^d^ from a point (t2, 2:2) with \t2 — |x2|| = 
t2/2 = /9 to a point (t,x) as in the proof of Lemma WA\ we get 

(6.51) iv„(,.)sA.„,*...)+ r( .,'f;r^^ (;^)"'""+ ^f'!;!f:r )'"s(4)-e. 



2p 



(i + t)(i + [p!)-vi+[p|; (i + t) 



since by 1)6. 41() Nn{t,x) < c'^e when |t — |x|| = t/2. The lemma now follows from the bound for Nn, 
HSI) and EH. □ 
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6.5 The decay estimates for more vector fields 

We will use induction to prove that 

(6.52) \d^Z^^\<Ck,ie{l + t)-^-^^>''^''{l + \p\)^-''-'^ max{l,k) + i < N - A, k=\k\, i = \I\. 

Note that by (|EH1) (1 + kl)(l + t^^^ < (1 + |p|) < (1 + |g|)(l + tf^^ so we could just as weh have 
stated (|6.52() with p replaced by q. 

We will use induction in |/|, and for fixed \I\ induction in |k|. We will start by proving (|6.52|) for 
|/| = and all |k|. Then we prove (|6.52|) for |/| = m > 1 and |k| < 1 assuming ()6.52|) for |/| < m — 1 
and all |k|. Finally we prove (|6.52|) for |/| = m and |k| = n + 1 > 2 assuming (|6.52|) for |/| = m and 
|k| < n and (|6.52|) for |/| < m — 1 and all |k|. 

Proof of (|6.52)) for \I\ = and all |k|. In (|6.36|) we have already proven a stronger estimate 
than (|6.52j) for |I| = apart from the case of |k| = which follows from integrating the same estimate 
for |k| = 1 in the t — r direction, using that (j) vanishes when r — t>l and t > 0. 

Proof of (|6.52jl for |/| = m > 1 and |k| < 1 assuming (|6.52|) for |/| < m, — 1 and all |k|. By 
(Hnnj) and (Tr^ and the fact that \Z'' (t)\ < 1 by we have 

(6.53) \UgZ^(t)\<C\Z^(t>\\d'^(l)\ +C \zU\\d'^ (t>\ 

\J\ + \I<\<\I\, l"'l<l-fhl. \K\<\I\~1 

and hence by (|6.12j) applied to ij) = Z^cj); 

(6.54) iL^d^rdpZ'cP) \ < Cr\Z'^\^-^ + c[e\d,Z'cl>\ + ^ ^ \zU\ + - E ^ \^'^\ <t>\ 

^« |J|<|7|+2 ^5 lJ|,|i^l<|/|-l 

Hence using (|6.6I) . ()6.5|) and (|6.52() for |I| replaced by |/| — 1 we get 

(6.55) L'^,dJrd,Z^<t>) < c'j]^ + \d,Z^<P\) + I'^^ + 'f^^' + '"'-^"^^f-^"' 

^ ^ ^ ^ ^ - ^ \l + \p\ I ^ ^7 (1 + t)l+^'-ci£ (1 +t)l-ce(l + |p|)2i. 

It follows from Lemma that with c = 16(c2 + c'q + Cq m-i) '^^ have 

(6.56) jZ^Kl + |p|)-i + \dpZ'i;\ < ceil + t)-^+'%l + Ip[)^^ 

Proof of ()6.52p for \I\ = m > 1 and |k| = n + 1 > 2 assuming (|6.52p for |/| < m and all 
[k[ < n and for |/| < m - 1 and all |k|. 

It follows from (ITTTl) and (IT^ that 
(6.57) 

\agd"z^(P\ < \d^\ \d'^z^(p\ + ^ la'^^z-^VI • • • \d^'z-^'(t)\ \d"'z^4>\. 

|m| = |n|+l |ki|+---+|k£| + |m| = |n|+2, |kj | <|n| , ^>1, \.Ji\+---+\Jl\ + \K\<\I\, |m|<|n| or \K\<\I\ 

Using ()6.5p and ()6.52|) for |k| < n = |n[ and [/[ < m, and [k[ < n + 2 and [/[ < m — 1 we hence obtain 
()6.52|1 for \I\ = m and |k| = n + 1 now follows as in the proof of (|6.36p . 
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7 Weighted Energy estimates for the wave equation on a curved 
background 

We now establish the basic energy identities with weight for solutions of the equation 

(7.1) ng(p = F 

The weight will be of the form 

(7.2) w = e'''^^P\ a = Keln|l + F(p) = |p - 2|-'"', p < 1, i/',k;>0 
We note that by (fCTH) : 

(7.3) g^^p^pp > 5^^dAP dBP - \g''^PaPp - 5^^dAP dBp\ > ' 

(1 + t) 2^ 

so p satisfies the assumption below if < 1/(kz^'). The following lemma was essentially proven in 
SI: 



Lemma 7.1. Let (p be a solution of the equation (|7.1|) decaying sufficiently fast as \x\ oo, with a 
metric g and a weight function w as in (|7.2j) . with p, satisfying the conditions 

(7.4) \g-m\<-, \dg\ < —-, Pt<0, , , > 



2' '^'-l + t' - ' + (i+t)in|l+t| 

ond = m"^, i/ie Minkowski metric, when r > t + 1. Then for functions (f> vanishing for r > t + 1 
we have, with c = ci + k; 

(7.5) [ \d^\^wdx<A[ \d^\^wdx+ [ [ \d^\^ w dx dr + — ! [ {1 + T)\D„(l)f w dx dr. 

Proof. Let (pi = di(j), i = 1,2, 3, and (pt = dt(p- If we differentiate below the integral sign and integrate 
by parts we get 

(7.6) 

^ / ( - 5°V? + g''^i<Pj)wdx - I 2d, {g^^^tw) dx= I 2{- g^^'cPtcPu + g''<Pi<Ptj - 2g^^t(ptj)w dx 



+ / ( - (at5°°)</'? + i^tg'')^^<pJ - 2{djg''^)4>l)w + ( - + g'^^4>,wt - 2g'^^ cfiw j) dx 

= y 2( - g^'^Mtt - g'^Mij - 2g^^t(ptj)wdx 
+ j {- (^t5°°)0? + {dtg'')^i<Pj - 2{djg'^)^l - 2{dig'^)Mi)wdx 

+ / ( - 5°V?^^t + 9'^^<pJWt - 2g^^^tWj - 2g'^t(PjWi) dx 



24 



Hence, since we also have assume that cpt and g^^ decay fast enough that the boundary term vanishes 
at infinity 

(7.7) ^ / ( - 5°V? + 9'Ui(t>j)wdx = j w{c^t + (5t5"^)</.„</./3 - 2(a«5"^)</)^0t) dx 
Now 

^, Ku'elnll + tl K£ Kz/'eln|l + t| 

7.8) Wf = — -r. — T—PtW + -; r-fW, Wi = — t—, — 7—PiW 

^ ' * |p-2|i+^' ^ (l + t)|p-2|^' |p-2|i+^' ^ 

If we set ^Q, = 4)al^t and ^p^ = pa/ pt we get 

(7.9) 

g'^'^K^t^p Pt-2(t>tg''^<l}aPp = (t^lptig^'^^Jp -2g"''^^'pp) = 4pt{g''^{^a-l>a){^p-l>p) -g'^'paT'fs) 

= g'^ {4>i - 7>i4>t) {(t>j - 7>j 4>t)pt - g"^Pa Pf34>t/pt 

Moreover 

(7.10) g'^'^^a^p - 20t5"Va = -5°V? + g''Mj 

Hence 

(7.11) g'^'^K^fi Wt - 2^tg'"^(Po^wp = ' w(^g'^' (0i - %<j)t) {(pj - ^t)pt - g"^ Pa Pp4>l/pt 

+ (i+t)Ip-2r "(-^"^-'+^"^-^^- 

Since < 1/2 it also follows that 
Moreover; 

(7.12) / / (ptDgCpwdxdT < [ — ^ [ Idcpf w dx dr + — [ [ (1+ t) iDaCpf w dx dr. 
Jo J Jo 1+-^ is. ce JoJs, 

□ 

8 Poincare lemmas with weights 

We note that drP = dpp + dgp = (1 — Hll/ ^)dqp, since Lfc^aP = 0, so the estimate (|5.19|) for dqp also 
hold for drP with C2 replaced by 2c2. The following lemma was essentially proven in |A2j : 
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Lemma 8.1. Suppose that w is as in (|7.2() with k > 202/1^', and that with v' > as in 1)7.2(1 

(8.1) \dpdrp\ < ^^^^^j^jjitJ'^ 9rP, < < 00 

Then for functions supported in r < t + 1 we have 

^P^' wdx+ [(^^Ywdx <32 fmi'wdx 



l + \p\drJ J \l+\r — t 

Proof. It suffices to prove the estimate for the first integral since the second estimate is a special case 
of the first with p = r — t. If we introduce polar coordinates p = p{r, t, cu) and change variables r = r{p) 
for fixed {t,uj) we get 

^pS" 2, ( \<t>\ ydp 2, ,n2dp 2(9 1 
— \ wr dr = I 7 \ — w r do = I \0\ — w r [ —-. 







Because of the conditions above 



1 A. PlA,Pt^ 



dp 2 , f Of 9 (dp 2\ , 



p — 2\dpdr y-ooMp~2|/ dp\dr 



C2i^'eln |1 + t| 2 Ki/'eln[l + t| 2 

> ; , — c'r.p wr H ; — OrP wr + 2rw > 0. 

- (l + |p[)i+'^ |p-2|i+'^ ^ 

Therefore 

and it follows that 

and the lemma follows from also integrating over the angular variables. □ 

9 Energy estimates for the nonlinear problem 

We will now show energy bounds assuming the strong decay estimates. Let 
(9.1) Ek,^{t)= Yl [ \dd''Z'ct>\^wdx, 

\k\<k,\I\<i 

where w is as in Proposition 17.11 with k = 202/1^' so the conditions in Proposition 17. II and Lemma l8.ll 
hold if e > is sufficiently small. 
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Proposition 9.1. Let > 14 and set N' = [N/2] + 2. Suppose that (J) is a solution of^g(^^-^(f) = for 
<t <T such that <j){t,x) = when \x\ >t + 1. Suppose also that 



(9.2) \d^\< 



1 + 



(9-3) I^Vl < 7^ ^ T^^TTw , ^'>0, 



1 + t 

C2e 



dp 



dq 



1+1/ ' 



(9.4) \4>\ + \Z4>\<-^^{il + \q\) + {l + tr^), 

(9.5) \dZ^ct>\ + {l + \q\)-'^\Z^ct>\<^{l+ty'^", for\I\<N'. 

Then there are constants Ck^i, depending only on the constant above, such that for < t <T; 

i 

(9.6) Ek^t) <8Y,Ek+e,i-eiO){l + tf'^''', k + i<N. 

(|9.6() will follow from ()9.7() below using induction and a Gronwall type of argument that we postpone. 
Proposition 9.2. Suppose that the assumptions in Provosition \9. l\ hold. Then for k + i < N , k,i > 0; 

(9.7) Eu,i{t) < mAO) + / -r^Ek^T) dr + 4 -^^^ ^ (Sfc+i,,_i(r) + Ek-i^r)) dr, 

Jo ■'-+''" Jo ^+ T 

where -E'-i,n = 0, Em-i = 0. 

By Proposition 17.11 with k = 2c2/v' 

(9.8) Ek4t)<AEkM+ t^^^^Ek4T)dT + A V {Ogd'^Z' cp\^ w dx dr. 
9.1 Proof of dnHI) in case i = 0. 

If |k[ = then Og(j) = and (|9.7() follows directly from ()9.8() . so we may assume that 1 < |k| < N. If 
we use (|(-i.21|) and (|I-{.24|1 . which holds since we assumed that < 1 for |m| < N' , we get 

(9.9) le.a'^^i < c 1901 ^ + ^ c 

|n| = |k|+l |m| + |n|<|k|+2, l<|m|<|k|, l<|n|<|k| 

and hence by and (|n3|) 

ln| = |k|+l ^ l<|n|<|k| 

since either |m| < N' or |n| < N', in the second sum in (|9.1()|) . (|9.7j) in case i = follows from (|9.8|) 

using (innni)- 



27 



9.2 Proof of (jnZ7|) in case A; = 0. 

By (|inn|l and (IT^ using that we assumed that < 1 for \ J\ < [N/2] + 2, we have 3 types of 

terms: 

(9.11) \ngZ'(j)\<<\z'<p\\d^(i)\ + ^\zU\\d^z''^\+ \z-'<P\\d^z''cp\. 

kl<l, 1^^1 = 1^1-1 \J\ + \K\<\Il \J\<\I\, \K\<\I\-l 

By ()9.3|) and the Poincare lemma, Lemma l8.ll 

(.12, / {\z;\m)\..<. I (^|||J^)\,..,c(i|^)7 isz;?.,.. 

By (1131) and (jSISl) we have 
(9.13) 

l^l<l^l V ^ ; J |i^|<|/|_i 

The remain terms are easier to handle. Again by (|3.3|) . (|9.5j) and Lemma l8. II 
(9.14) 

|J| + l^l<l^l, l"'l<l^l, l^l<l^|-l l^l<l-f|/2, \K\<\I\ \J\<\I\, |iC|<|/|/2+l 



< 



li^l<l/l ^ ' \J\<\I\ 



Summing up we get 
(9.15) / lOgZ^cpfwdx 



< 



\K\<\I\ ' ' l-?^l<l-f|-l l-?^l<l-f|-l 

(|9.7p in case A; = follows from this using ()9.8() . 

9.3 Proof of (jnHj) in case k > 1 and i>l. 

Since I^^Z-^^I < 1 for |m| + | J| < iV - 5, it follows from that 

(9.16) \agd^z^^\< \z^(t>\\d^d"'z^<p\ +^|a5'"z-^</.| 

|n|<|k|, |J| + |-fs:|<|/|, |i<'|<|/| |m| + |n|<|k|, | J| + |-ft:|<|/| 

for jkj + 1/| < N . The terms in the first sum can be dealt with as in the case A; = and the terms in 
the second sum can be dealt with as in the case i = 0. 
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9.4 Proof of (j9.6p in case k = i = 

If k = 1 = then by 

(9.17) Eo,o{t) < 4i?o,o(0) + /* r^Eo.oir) dr 

Jo 1+"^ 

and (|9.6j) in case i = k = follows from this using Lemma 19.31 below. 

9.5 Proof of ()9.6|) in case i = and k > n > 1 assuming (|9.6p in case i = for k < n—1 

By (|!r7jl using (jlO)]) for £'fc_i,o we have 

(9.18) Ek,o{t)<4Ek,o{0)+ -^Ek,o{r)dT + A \ 7 ' i^fc-i.o(r)dr 

<4£;fe,o(0)+/ r^Ek,o{r)dT + 32 ^' ^ i^fc-i,o(0)dr 

Jo 1+T Jo l+'T 

and again the estimate (|9.6p follows from Lemma 19.31 below with A = £^fc_i o(0) < Ekfi(0) and B = 
C2 + 32c^, + Cat/ + Ck-ifi- 

9.6 Proof of ()9.(ij) in case i = m > 1 and = n > 1 assuming (19. (ij) if z = m, for 
A; < n — 1 and if i = m — 1 for all A;, such that i + k < N. 

We will prove ()9.6() by induction in i and for fixed z induction in k. Since we have proven 1)9. 6|) for 
i = and /c = it suffices to prove (j9.6p in case i = m > 1 and k = n > 1 assuming (|9.6|) if i = m, 
for k < n — 1 and if i = m — 1 for all A;, such that i + k < N . By 1)9. 7|1 using 1)9.6(1 for E^-i^i and for 
we have 

(9.19) E^^t) < 4Ek,i{0) + / --j-Ek,i{T) dr + A \ ' {Ek+i.i-iir) + Ek-i^iir)) dr 

Jo Jo J-+T 
<m,M+ -^Ek4T)dT + 32 '—- {Ek+l,^-l{0)+Ek-l40))dT, 

Jo 1+^ Jo 1+7" 

where Ek^i = Yll=o Ek+e,i-e- Using Lemma FOl with A = Ek-i^i{0) + Ek+i^i-i and B = C2 + 32c^, + 

Cn' + Ck-i,i + Cfc+i,i_i we get with Ck,i = 2B; 

(9.20) Ek,^{t) < {iEk,iiO) + ^fc-i,*(0) + Ek+i,i^iiO)) (1 + t)^'=-" < 8Ek40){l + tf"'^' 
We conclude by giving the Gronwall type of lemma used above: 

Lemma 9.3. Suppose that for some constants A,B>0 

(9.21) E{t) < 4E{0) + (^(r) +A{1 + r)^^) dr. 
Then 

(9.22) E{t) < {AE{0) + ^)(1 + tf^'. 
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Proof. If G{t) denotes the integral in the right of ()9.21|1 then we have 



If we Multiply with the integrating factor 
and integrate we get 

(9.23) G{t){l + t)-^^ < G{0) + BeAln \l + t\< G(0) + ^(1 + tf', 
and hence 

(9.24) E{t) < G{t) < G(0)(1 + tf' + A{1 + tf^^ < (4E(0) + ^)(1 + tf^'. 



□ 



10 Klainerman-Sobolev inequalities and L — L°° estimates 

First we state the Klainerman-Sobolev inequality: 
Proposition 10.1. We have 

(10.1) (1 + t + |^|)(1 + _ \x\\)'/^m,x)\ <GY, PV(t,-)||L2. 

I^l<2 

Next we state an inequality due to Hormander: 
Proposition 10.2. Suppose that w{0,x) = dtw{0,x) =0. Then 

(10.2) \w{t,xm+t+\x\)<cY: /7 'T+°r+i'f' 

l/l<2'^° J + T + |y| 

Corollary 10.3. Suppose that 0(0, x) = dt(p{0,x) = 0, when \x\ > 1. Then 

(10.3) |0(t,a;)|(l+i+|x|)<C V f fM!^^)^2MdydT + GY,\\dZ'm-)\\L2- 

Proof. The inequality follows from writing (j) = v + w, where Ow = □</), w{0,x) = dtw{0,x) = 0, and 
dv = 0, v{0,x) = (j){0,x), dtv{0,x) = dt4>{0,x). The inequality for w follows from ProDosition ll0.2l and 
we will argue that the inequality for v also follows from Proposition 110.2] The inequality for < t < 1 
follows from the usual Sobolev's lemma so it remains to prove it for t > 1. Let x(t) be a smooth 
cutoff function so that xi^) = when t < and xit) = 1 when t > 1. Then □(x^) = x"^ + '^x'^t 
is supported in the set where < t < 1 and |x| < 2 and it has vanishing initial data. It therefore 
follows Proposition 110.21 applied to x'v that for t > 1; |u(t,x)|(l + t + \x\) = \xv{t,x)\{l + t + \x\) < 
G\\n{xv)\\Li<Gsnpo^t^^\\dv{t,-)\\L2=C\\dv{0,-)\\L^. □ 



30 



11 The continuity argument 

Let iV > 14 and set 



:il.l) EN{t) =Y. j \^^''t>{t, 



x)P dx. 



|/|<JV 



In view of local existence results it suffices to give a bound for Ei\f{t). We assume that initial data are 
so small that 

(11.2) En{0) < 

Fix < 6 < 1. We will argue by continuity. We assume the bound 

(11.3) EN{t) <l6Ne^{l + t)^, 

for < t < T, which holds for T = 0, and we will show that this bound implies the same bound with 
16 replaced by 8 if e is sufficient small (independently of T). 
Using Proposition IIU.II and l|11.3jl gives 

Ce 

Integrating this in the t — r direction from r — t = 1, where i;^ = gives 

Since 6 < 1 the weak decay estimate (|6.1() hold and hence the decay estimates in Proposition 16.11 as 
well as the estimates for the solution of the approximate eikonal equation in Proposition 15.11 and the 
lemmas in the same section. It therefore follows that the assumptions of Proposition 19 . 1 1 hold and that 
we therefore have 

N 

(11.6) EN{t) = Eo,N{t) < 8 J2Ee,i-e{0){l + tf '''''' < 8N En iO){l + tf<'-^' = 8Ne\l + tf<^'^' , 

e=o 

since the family of vector fields Z also contain the usual derivatives. If e is so small that Cq^^e < 5, 
then we get back the estimate ()11.3() with 16 replaced by 8. This concludes the proof of H11.3() and 
hence of Theorem 11.11 However, the proof above at most gives the weak decay estimate ()6.1() . and 
hence the strong decay estimates in Proposition 16.11 with v = 1/2 — ce, c> 0. An additional argument 
using Corollarv I1U.3I easilv gives the weak decay estimate ()6.1() with fi = 1 — ce. In fact, since Og(j) = 
we have using (|11.5j) : 

(11.7) \nz'cp\<c Yl \zU\\d'z^cp\<c Yl Irni^^'^'^i' 

,/| + |A'|<|/| kl + |/^|<|/|+l,|J|<|/| 

and hence using Lemma l8. II and Holder's inequality 

(11.8) Y I \Z^nZ^(l){t,x)\dx <CEN{t), if |I| < - 3. 
\L\<^ 
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Therefore by Corollary IIU. 31 we have for \I\ < N — 3 



(11.9) 



Z^(j){t,x)\il + t + \x\) < C 



L 



' En{t) 

I 1 + T 



dT + CEn{0) < Ce{l + tf°- 
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